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EXPONENTIAL CONVERGENCE FOR MULTIPOLE AND LOCAL
EXPANSIONS AND THEIR TRANSLATIONS FOR SOURCES IN
LAYERED MEDIA: THREE-DIMENSIONAL LAPLACE EQUATION
BO WANG, WEN ZHONG ZHANG, AND WEI CAI
Abstract. In this paper, we prove the exponential convergence of the multipole and local
expansions, shifting and translation operators used in fast multipole methods (FMMs)
for 3-dimensional Laplace equations in layered media. These theoretical results ensure
the exponential convergence of the FMM which has been shown by the numerical results
recently reported in [9]. As the free space components are calculated by the classic FMM,
this paper will focus on the analysis for the reaction components of the Green’s function
for the Laplace equation in layered media. We first prove that the density functions
in the integral representations of the reaction components are analytic and bounded in
the right half complex plane. Then, using the Cagniard-de Hoop transform and contour
deformations, estimate for the remainder terms of the truncated expansions is given, and,
as a result, the exponential convergence for the expansions and translation operators is
proven.
1. Introduction
The well-known fast multipole method (FMM) proposed by Greengard and Rohklin [4, 5]
for particles in free spaces has been a revolutionary development for scientific and engineering
computing. The algorithm was based on low rank approximations for the far field of sources,
which are obtained by using truncated multipole expansions (MEs) and local expansions
(LEs) with a truncation number p. The capability of using a small number p to achieve high
accuracy is due to the exponential convergence of the MEs and LEs, as well as the shifting and
translation operators for multipole to multipole (M2M), local to local (L2L), and multipole
to local (M2L) conversions. Recently, we have extended the FMMs of the Helmholtz, Laplace
and Poisson-Botzmann equations from free space to layered media (cf. [10, 12, 9, 11]). The
new FMMs significantly enlarge the application area of the classic ones. Many important
applications, e.g. parasitic parameter extraction of very large-scale integrated (VLSI) circuits
[8, 13], complex scattering problem in meta-materials [1], electrical potential computation in
ion channel simulation [7], etc, can be solved more efficiently and accurately by using the
FMMs for layered media.
The mathematical proof for the exponential convergence of the MEs and LEs and the
corresponding translation operators is one of the key issues in developing FMMs for the
aforementioned equations in layered media. As the reaction components of the Green’s func-
tions in layered media do not have a closed form in the physical space, Sommerfeld-type
integral representations and extended Funck-Hecke formula are used to derive the MEs, LEs
and translation operators for the FMMs mentioned above. The distinct feature of the expan-
sions and translation operators for reaction components is that they involve Sommerfeld-type
integrals with integrands depending on the layered structure of the media. Hence, the main
difficulty in the convergence analysis is how to give a delicate estimate on the Sommerfeld-
type integrals. Recently, we have proved the exponential convergence for the 2-dimensional
Helmholtz equation case [12] and numerically showed that the MEs in 3-dimensional cases also
have exponential convergence similarly as in 2-dimensional cases. However, the theoretical
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proof for 3-dimensional cases are much more involved technically due to the double improper
integrals induced by the 2-dimensional inverse Fourier transform used in the derivation of the
3-dimensional layered Green’s function while only 1-dimensional inverse Fourier transform is
needed in 2-dimensional cases.
In this paper, we will continue our previous work on 2-D Helmholtz equation [12] and prove
the exponential convergence of the MEs, LEs and corresponding translation operators for the
Green’s function of 3-dimensional Laplace equation in layered media. First, we consider the
direct MEs for reaction components. We prove that they have exponential convergence but
with convergence rates depend on polarization distances as defined in [10] and then used by
[9, 11]. Therefore, the concept of equivalent polarization sources is crucial for the development
of the FMMs for reaction components. By introducing the equivalent polarization sources,
the reaction components have been reformulated and the MEs, LEs and translation operators
are re-derived according to the new formulations. In this paper, we further give theoretical
proof for their exponential convergence and show that the convergence rates are determined
by the Euclidean distance between the targets and corresponding equivalent polarization
sources. As a result, we validate the idea of using the re-derived MEs, LEs and translation
operators with equivalent polarization sources in the FMMs for the reaction components. All
theoretical results proved in this paper show that the FMM for Laplace equation in layered
media developed in [9] is a highly accurate and error controllable algorithm as same as the
free space FMM.
The rest of the paper is organized as follows. In section 2, we review the integral represen-
tation of the Green’s function of Laplace equation in layered media and a recursive algorithm
for a stable and efficient calculation of the reaction densities of general multi-layered media.
Based on the recursive formulas, we prove that the reaction densities are bounded and analytic
in the right half complex plane, which is important for the estimate of the Sommerfeld-type
integrals. Section 3 will review the derivation of MEs, LEs, shifting and translation operators
for layered Green’s function. In section 4, we first review the exponential convergence of the
ME, LE, shifting and translation operators for the free space components of layered Green’s
function. Then, proofs for the exponential convergence of the MEs, LEs and translation op-
erators for the reaction components are presented. Finally, a conclusion is given in Section
5.
2. Green’s function of 3-dimensional Laplace equation in layered media
Consider a layered medium consisting of L-interfaces located at z = d`, ` = 0, 1, · · · , L− 1,
see Fig. 2. The piece wise constant material parameter is described by {ε`}L`=0. Suppose we
have a point source at r′ = (x′, y′, z′) in the `′th layer (d`′ < z′ < d`′−1), then, the layered
media Green’s function u``′(r, r
′) for the Laplace equation satisfies
∆u``′(r, r
′) = −δ(r, r′), (2.1)
at field point r = (x, y, z) in the `th layer (d` < z < d` − 1) where δ(r, r′) is the Dirac delta
function. By using Fourier transforms along x− and y−directions, the problem can be solved
analytically for each layer in z by imposing transmission conditions at the interface between
`th and (`− 1)th layer (z = d`−1), i.e.,
u`−1,`′(x, y, z) = u``′(x, y, z), ε`−1
∂u`−1,`′(x, y, z)
∂z
= ε`
∂û``′(kx, ky, z)
∂z
, (2.2)
as well as the decaying conditions in the top and bottom-most layers as z → ±∞.
By applying Fourier transform in x, y direction and solving the resulted ODE with interface
conditions, we can obtain the expression of the Green’s function in the physical domain as
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Figure 2.1. Sketch of the layer structure for general multi-layer media.
(cf. [9] Appendix B.)
u``′(r, r
′) =

u110`′(r, r
′) + u120`′(r, r
′),
u11``′(r, r
′) + u12``′(r, r
′) + u21``′(r, r
′) + u22``′(r, r
′), ` 6= `′,
u11``′(r, r
′) + u12``′(r, r
′) + u21``′(r, r
′) + u22``′(r, r
′) +
1
4pi|r − r′| , ` = `
′,
u21L`′(r, r
′) + u22L`′(r, r
′),
(2.3)
with reaction components given by Sommerfeld-type integrals:
uab``′(r, r
′) =
1
8pi2
∫ ∞
−∞
∫ ∞
−∞
1
kρ
eik·τ
ab
``′ (r,r
′)σab``′(kρ)dkxdky, a, b = 1, 2, (2.4)
where kρ =
√
k2x + k
2
y, k = (kx, ky, ikρ),
τ 11``′(r, r
′) =(x− x′, y − y′, z − d` + z′ − d`′),
τ 12``′(r, r
′) =(x− x′, y − y′, z − d` + d`′−1 − z′),
τ 21``′(r, r
′) =(x− x′, y − y′, d`−1 − z + z′ − d`′),
τ 22``′(r, r
′) =(x− x′, y − y′, d`−1 − z + d`′−1 − z′),
(2.5)
are coordinate mappings depend on interfaces and σab``′(kρ) are the reaction densities in Fourier
spectral space. The expression (2.3) is a general formula for source r′ in the middle layer.
In the cases of the source r′ in the top or bottom most layer, the reaction components
{ua2``′(r, r′)}2a=1 and {ua1``′(r, r′)}2a=1 will vanish, respectively.
The reaction densities σab``′(kρ) only depend on the layered structure and the material
parameter ε` in each layer. According to the derivation in [9, Appendix B], a stable recurrence
formula is available for more general interface conditions
a`−1u`−1,`′(x, y, z) = a`u``′(x, y, z), b`−1
∂u`−1,`′(x, y, z)
∂z
= b`
∂û``′(kx, ky, z)
∂z
, (2.6)
where {a`, b`} are given constants. In order to prove some key properties of the densities, we
will review the recurrence formula. For this purpose, let us define
d−1 := d0, dL+1 := dL, D` := d`−1 − d`, e` := e−kρD` , ` = 0, 1, · · · , L,
γ+` =
a`
a`−1
+
b`
b`−1
, γ−` =
a`
a`−1
− b`
b`−1
, C(`) =
`−1∏
j=0
1
2ej
, ` = 1, 2, · · · , L, (2.7)
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and matrices
T`−1,` :=
(
T `−1,`11 T
`−1,`
12
T `−1,`21 T
`−1,`
22
)
=
1
2e`−1
(
e`−1 0
0 1
)(γ+` γ−`
γ−` γ
+
`
)(
e` 0
0 1
)
=
1
2e`−1
T˜`−1,`,
S˘(`) :=
(
S˘
(`)
11 S˘
(`)
12
S˘
(`)
21 S˘
(`)
22
)
=
1
2

1
a`
1
b`
1
a`e`
− 1
b`e`
 , A(`) :=
α(`)11 α(`)12
α
(`)
21 α
(`)
22
 = T˜01 · · · T˜`−1,`. (2.8)
Then, the recursive algorithm is summarized as follow:
According to the formulas used in the Algorithm 1, we are able to prove some important
properties of the reaction densities, which will play a key role in the analysis in the rest of
this paper. First, we have the following lemma for the matrices A(`) defined in (2.8).
Lemma 2.1. Suppose a`, b` > 0 for all ` = 0, 1, · · · , L, then the entries in the second row of
the matrices A(`) satisfy
|α(`)22 |2 − |α(`)21 |2 ≥ (|γ+1 |2 − |γ−1 |2)(|γ+2 |2 − |γ−2 |2) · · · (|γ+` |2 − |γ−` |2) > 0, (2.19)
for ` = 1, 2, · · · , L, and any kρ ∈ {z ∈ C|Rez ≥ 0}.
Proof. By the definition of T˜`−1,`, A(`) in (2.8), the entries {α(`)21 , α(`)22 }L`=1 can be calculated
recursively as
α
(1)
21 = e1γ
−
1 , α
(1)
22 = γ
+
1 ,
α
(2)
21 = α
(1)
21 γ
+
2 e1e2 + α
(1)
22 γ
−
2 e2, α
(2)
22 = α
(1)
21 γ
−
2 e1 + α
(1)
22 γ
+
2 ,
· · · · · · · · ·
α
(`)
21 = α
(`−1)
21 γ
+
` e`−1e` + α
(`−1)
22 γ
−
` e`, α
(`)
22 = α
(`−1)
21 γ
−
` e`−1 + α
(`−1)
22 γ
+
` .
(2.20)
Naturally, we will prove the conclusion (2.19) by induction. As a`, b` > 0 by assumption and
|e`| ≤ 1 for all kρ ∈ {z ∈ C|Rez ≥ 0}, we obtain
|γ+` | =
∣∣∣ a`
a`−1
+
b`
b`−1
∣∣∣ > ∣∣∣ a`
a`−1
− b`
b`−1
∣∣∣ = |γ−` | ≥ |γ−` e`|, if Rekρ ≥ 0. (2.21)
Therefore, (2.19) is true for ` = 1 as∣∣α(1)22 ∣∣2 − ∣∣α(1)21 ∣∣2 = |γ+1 |2 − |γ−1 e1|2 ≥ |γ+1 |2 − |γ−1 |2 > 0. (2.22)
Assume ∣∣α(s)22 ∣∣2 − ∣∣α(s)21 ∣∣2 ≥ (|γ+1 |2 − |γ−1 |2)(|γ+2 |2 − |γ−2 |2) · · · (|γ+s |2 − |γ−s |2), (2.23)
is true for all s = 2, 3, · · · , `− 1. By recursion (2.20), we have∣∣α(`)21 ∣∣ = |β`−1γ+` e`−1 + γ−` |∣∣α(`−1)22 e`∣∣, ∣∣α(`)22 ∣∣ = |β`−1γ−` e`−1 + γ+` ||α(`−1)22 |, (2.24)
where β` := α
(`)
21 /α
(`)
22 . Noting that γ
±
` are real, then
|β`−1γ+` e`−1 + γ−` |2 = |β`−1e`−1|2(γ+` )2 + 2γ+` γ−` Re{β`−1e`−1}+ (γ−` )2,
|β`−1γ−` e`−1 + γ+` |2 = |β`−1e`−1|2(γ−` )2 + 2γ+` γ−` Re{β`−1e`−1}+ (γ+` )2.
Therefore
|β`−1γ−` e`−1 + γ+` |2 − |β`−1γ+` e`−1 + γ−` |2 = [(γ+` )2 − (γ−` )2](1− |β`−1e`−1|2).
Together with (2.24) and the fact |e`| ≤ 1 for all kρ ∈ {z ∈ C|Rez ≥ 0}, we obtain∣∣α(`)22 ∣∣2−∣∣α(`)21 ∣∣2 ≥ [(γ+` )2−(γ−` )2](1−|β`−1|2)∣∣α(`−1)22 ∣∣2 = [(γ+` )2−(γ−` )2](∣∣α(`−1)22 ∣∣2−∣∣α(`−1)21 ∣∣2).
Then, we complete the proof by applying the assumption (2.23). 
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Algorithm 1 Stable and efficient algorithm for reaction densities σab``′(kρ) in (2.4).
for `′ = 0→ L do
if `′ < L then
σ21L`′(kρ) = −
C(`
′+1)
C(L)α
(L)
22
(
α
(`′)
21 α
(`′)
22
)
2e`′ S˘(`
′)
(−a`′
b`′
)
, (2.9)
end if
if `′ > 0 then
σ22L`′(kρ) = −
C(`
′)
C(L)α
(L)
22
(
α
(`′−1)
21 α
(`′−1)
22
)
2e`′−1S˘(`
′−1)
(
a`′
b`′
)
, (2.10)
end if
for ` = L− 1→ 0 do
if ` = `′ then
σ11``′(kρ) = T
`′`′+1
11 σ
11
`′+1,`′ + T
`′`′+1
12 σ
21
`′+1,`′ − S˘(`
′)
11 a`′ + S˘
(`′)
12 b`′ , (2.11)
else
σ12``′(kρ) = T
``+1
11 σ
11
`+1,`′ + T
``+1
12 σ
21
`+1,`′ , (2.12)
end if
if ` = `′ − 1 then
σ12``′(kρ) = T
`′−1,`′
11 σ
12
`′`′ + T
`′−1,`′
12 σ
22
`′`′ + S˘
(`′−1)
11 a`′ + S˘
(`′−1)
12 b`′ , (2.13)
else
σ12``′(kρ) = T
``+1
11 σ
12
`+1,`′ + T
``+1
12 σ
22
`+1,`′ , (2.14)
end if
if ` > 0 then
if ` > `′ then
σ21``′(kρ) =
−1
α
(`)
22
(
0 1
) [C(`′+1)
C(`)
A(`
′)2e`′ S˘(`
′)
(−a`′
b`′
)
+ A(`)
(
σ11``′
0
)]
, (2.15)
else
σ21``′(kρ) = −α(`)21 σ11``′(kρ)/α(`)22 , (2.16)
end if
if ` > `′ − 1 then
σ22``′(kρ) =
−1
α
(`)
22
(
0 1
) [C(`′)
C(`)
A(`
′−1)2e`′−1S˘(`
′−1)
(
a`′
b`′
)
+ A(`)
(
σ12``′
0
)]
, (2.17)
else
σ22``′(kρ) = −α(`)21 σ12``′(kρ)/α(`)22 , (2.18)
end if
end if
end for
end for
Proposition 2.1. Suppose a`, b` > 0 for all ` = 0, 1, · · · , L, then all reaction densities σab``′(kρ)
in (2.4) are continuous and bounded in {kρ|Rekρ ≥ 0}. Moreover, they are analytic in the
right half complex plane {kρ|Rekρ > 0}
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Proof. From the definition (2.7) and (2.8), we have
T ``+111 =
a`+1b` + a`b`+1
2a`b`
e`+1, T
``+1
12 =
a`+1b` − a`b`+1
2a`b`
, T˜`−1,` =
(
γ+` e`−1e` γ
−
` e`−1
γ−` e` γ
+
`
)
,
2e`S˘(`) =
(
a−1` e` b
−1
` e`
a−1` −b−1`
)
,
C(`1)
C(`2)
=
{
1 `1 = `2,
2`2−`1e−kρ(d`1−1−d`2−1) 0 ≤ `1 < `2.
As they consist of constants {a`, b`}L`=0 and their product with exponential functions of kρ,
{T ``+111 , T ``+112 }L−1`=0 , {C(`1)/C(`2)}`1≤`2 and the entries of matrices {T˜`−1,`}L`=1, {2e`S˘(`)}L`=0
and A(`) = T˜01 · · · T˜`−1,` are all continuous and bounded in {kρ|Rekρ ≥ 0}. Moreover, by
lemma 2.1, the module of the denominators {α(`)22 }L`=1 in (2.9)-(2.18) are bounded below in
{kρ|Rekρ ≥ 0} by some positive constants determined by {a`, b`}L`=0. Therefore, checking the
formulas (2.9)-(2.18) with the discussions above, it is not difficult to conclude that all reaction
densities are continuous and bounded in {kρ|Rekρ ≥ 0} and analytic in the right half complex
plane. 
3. Multipole and local expansions, shifting and translation operators for
the Green’s function of 3-dimensional Laplace equation in layered media
In this section, we review the derivation of the ME, LEs and shifting and translation
operators used in the FMM for charge interaction in multi-layered media(cf. [9]).
3.1. Multipole and local expansions, shifting and translation operators for free
space Green’s function. According to the expression (2.3), the layered media Green’s
function consists of free space and reaction field components. The FMM for Laplace equation
in layered media (cf. [9]) is a combination of the classic FMM and new FMMs for the free
space and reaction field components, respectively. Before we go to the expansions for the
reaction field components, let us first review the classic formulas on which the classic FMM
rely.
Given source and target centers rsc and r
t
c close to source r
′ and target r, i.e, |r′ − rsc | <
|r − rsc | and |r′ − rtc| > |r − rtc|, the free space Green’s function has Taylor expansions
1
4pi|r − r′| =
1
4pi|(r − rsc)− (r′ − rsc)|
=
1
4pi
∞∑
n=0
Pn(cos γs)
rs
(r′s
rs
)n
, (3.1)
and
1
4pi|r − r′| =
1
4pi|(r − rtc)− (r′ − rtc)|
=
1
4pi
∞∑
n=0
Pn(cos γt)
r′t
(rt
r′t
)n
, (3.2)
where (rs, θs, ϕs), (rt, θt, ϕt) are the spherical coordinates of r − rsc and r − rtc, (r′s, θ′s, ϕ′s),
(r′t, θ
′
t, ϕ
′
t) are the spherical coordinates of r
′ − rsc and r′ − rtc( see Fig. 3.1) and
cos γs = cos θs cos θ
′
s + sin θs sin θ
′
s cos(ϕs − ϕ′s),
cos γt = cos θt cos θ
′
t + sin θt sinϕ
′
t cos(ϕt − ϕ′t).
(3.3)
Moreover, the following error estimates∣∣∣∣∣ 14pi|r − r′| − 14pi
p∑
n=0
Pn(cos γs)
rs
(r′s
rs
)n∣∣∣∣∣ ≤ 14pi(rs − r′s)
(r′s
rs
)p+1
, rs > r
′
s, (3.4)
and ∣∣∣∣∣ 14pi|r − r′| − 14pi
p∑
n=0
Pn(cos γt)
r′t
(rt
r′t
)n∣∣∣∣∣ ≤ 14pi(r′t − rt)
(rt
r′t
)p+1
, rt < r
′
t, (3.5)
for any p ≥ 1 can be obtained by using the fact |Pn(x)| ≤ 1 for all x ∈ [−1, 1].
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Figure 3.1. Spherical coordinates used in multipole and local expansions.
Note that Pn(cos γs), Pn(cos γt) still mix the source and target information (r and r
′)
together. The following addition theorems (cf. [6, 3]) will be used to derive source/target
separated ME, LE and corresponding shifting and translation operators. As in [9], we will
re-present the theorems using scaled spherical harmonics
Y mn (θ, ϕ) = (−1)m
√
2n+ 1
4pi
(n−m)!
(n+m)!
Pmn (cos θ)e
imϕ := P̂mn (cos θ)e
imϕ, (3.6)
where Pmn (x) (resp. P̂
m
n (x)) is the associated (resp. normalized) Legendre function of degree
n and order m. We also use notations
cn =
√
2n+ 1
4pi
, Amn =
(−1)ncn√
(n−m)!(n+m)! , |m| ≤ n, (3.7)
in the rest part of this paper.
Theorem 3.1. (Addition theorem for Legendre polynomials) Let P and Q be points
with spherical coordinates (r, θ, ϕ) and (ρ, α, β), respectively, and let γ be the angle subtended
between them. Then
Pn(cos γ) =
4pi
2n+ 1
n∑
m=−n
Y mn (α, β)Y
m
n (θ, ϕ). (3.8)
Theorem 3.2. Let Q = (ρ, α, β) be the center of expansion of an arbitrary spherical harmonic
of negative degree. Let the point P = (r, θ, ϕ), with r > ρ, and P −Q = (r′, θ′, ϕ′). Then
Y m
′
n′ (θ
′, ϕ′)
r′n′+1
=
∞∑
n=0
n∑
m=−n
(−1)|m+m′|−|m′|Amn Am
′
n′ ρ
nY −mn (α, β)
c2nA
m+m′
n+n′
Y m+m
′
n+n′ (θ, ϕ)
rn+n′+1
.
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Theorem 3.3. Let Q = (ρ, α, β) be the center of expansion of an arbitrary spherical harmonic
of negative degree. Let the point P = (r, θ, ϕ), with r < ρ, and P −Q = (r′, θ′, ϕ′). Then
Y m
′
n′ (θ
′, ϕ′)
r′n′+1
=
∞∑
n=0
n∑
m=−n
(−1)n′+|m|Amn Am
′
n′ · Y m
′−m
n+n′ (α, β)
c2nA
m′−m
n+n′ ρ
n+n′+1
rnY mn (θ, ϕ).
Theorem 3.4. Let Q = (ρ, α, β) be the center of expansion of an arbitrary spherical harmonic
of negative degree. Let the point P = (r, θ, ϕ) and P −Q = (r′, θ′, ϕ′). Then
r′n
′
Y m
′
n′ (θ
′, ϕ′) =
n′∑
n=0
n∑
m=−n
(−1)n−|m|+|m′|−|m′−m|c2n′Amn Am
′−m
n′−n · ρnY mn (α, β)
c2nc
2
n′−nA
m′
n′ r
n−n′ Y
m′−m
n′−n (θ, ϕ).
In the above theorems, the definition Amn = 0, Y
m
n (θ, ϕ) ≡ 0 for |m| > n is used.
Applying Legendre addition theorem to expansions (3.1) and (3.2) gives ME
1
4pi|r − r′| =
∞∑
n=0
n∑
m=−n
Mnm
Y mn (θs, ϕs)
rn+1s
, (3.9)
and LE
1
4pi|r − r′| =
∞∑
n=0
n∑
m=−n
Lnmr
n
t Y
m
n (θt, ϕt), (3.10)
where
Mnm =
1
4pic2n
r′ns Y mn (θ′s, ϕ′s), Lnm =
1
4pic2n
r′−n−1t Y mn (θ′t, ϕ′t). (3.11)
Further, applying Theorem 3.3 in ME (3.9) provides a translation from ME (3.9) to LE
(3.10) which is given by
Lnm =
∞∑
ν=0
ν∑
µ=−ν
(−1)ν+|m|AµνAmn Y µ−mn+ν (θst, ϕst)
c2νA
µ−m
n+ν r
n+ν+1
st
Mνµ, (3.12)
where (rst, θst, ϕst) is the spherical coordinate of r
s
c − rtc.
Given two new centers r˜sc and r˜
t
c close to r
s
c and r
t
c, respectively. By using the addition
Theorems 3.2 and 3.4 in (3.9)-(3.10) and rearranging terms in the results, we obtain
∞∑
ν=0
ν∑
µ=−ν
Mνµ
Y µν (θs, ϕs)
rν+1s
=
∞∑
ν=0
ν∑
µ=−ν
∞∑
n′=0
n′∑
m′=−n′
Mνµ
(−1)|m′+µ|−|µ|Am′n′ Aµνrn
′
ssY
−m′
n′ (θss, ϕss)
c2n′A
m′+µ
n′+ν
Y m
′+µ
n′+ν (θ˜s, ϕ˜s)
r˜n
′+ν+1
s
=
∞∑
n=0
n∑
m=−n
n∑
ν=0
ν∑
µ=−ν
Mνµ
(−1)|m|−|µ|Am−µn−ν Aµνrn−νss Y µ−mn−ν (θss, ϕss)
c2n−νAmn
Y mn (θ˜s, ϕ˜s)
r˜n+1s
,
and
∞∑
ν=0
ν∑
µ=−ν
Lνµr
ν
t Y
µ
ν (θt, ϕt)
=
∞∑
ν=0
ν∑
µ=−ν
ν∑
n′=0
n′∑
m′=−n′
Lνµ
(−1)n′−|m′|+|µ|−|µ−m′|c2νAm
′
n′ A
µ−m′
ν−n′ r
n′
tt Y
m′
n′ (θtt, ϕtt)
c2n′c
2
ν−n′A
µ
ν r˜
n′−ν
t
Y µ−m
′
ν−n′ (θ˜t, ϕ˜t)
=
∞∑
n=0
n∑
m=−n
∞∑
ν=n
ν∑
µ=−ν
Lνµ
(−1)ν−n−|µ−m|+|µ|−|m|c2νAµ−mν−n Amn rν−ntt Y µ−mν−n (θtt, ϕtt)
c2ν−nc2nA
µ
ν
r˜nt Y
m
n (θ˜t, ϕ˜t),
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where (r˜s, θ˜s, ϕ˜s), (r˜t, θ˜t, ϕ˜t), (rss, θss, ϕss) and (rtt, θtt, ϕtt) are the spherical coordinates of
r− r˜sc , r− r˜tc, rsc− r˜sc and rtc− r˜tc, (r˜s, θ˜s, ϕ˜s). The above formulas implies that the coefficients
M˜nm =
1
4pic2n
r˜′ns Y mn (θ˜′s, ϕ˜′s), L˜nm =
1
4pic2n
r˜′−n−1t Y mn (θ˜′t, ϕ˜′t), (3.13)
of the shifted ME and LE at new centers r˜tc and r˜
s
c can be obtained via center shifting
M˜nm =
n∑
ν=0
ν∑
µ=−ν
(−1)|m|−|µ|Am−µn−ν Aµνrn−νss Y µ−mn−ν (θss, ϕss)
c2n−νAmn
Mνµ, (3.14)
L˜nm =
∞∑
ν=n
ν∑
µ=−ν
(−1)ν−n−|µ−m|+|µ|−|m|c2νAµ−mν−n Amn rν−ntt Y µ−mν−n (θtt, ϕtt)
c2ν−nc2nA
µ
ν
Lνµ. (3.15)
Besides using the addition theorems, we have proposed a new derivation for (3.9) and
(3.10) by using the integral representation of 1/|r−r′|. Moreover, the methodology has been
further applied to derive multipole and local expansions for the reaction components of the
Green’s function in layered media (cf. [9]).
3.2. Multipole expansions for general reaction component. Consider a general reac-
tion component uab``′(r, r
′) given in (2.4). By inserting the source center rsc = (x
s
c, y
s
c , z
s
c), the
exponential kernels in (2.4) have source/target separations
eik·τ
a1
``′ (r,r
′) = eik·τ
a1
``′ (r,r
s
c)eik·τ (−r
′
s) eik·τ
a2
``′ (r,r
′) = eik·τ
a2
``′ (r,r
s
c)e−ik·r
′
s , a, b = 1, 2. (3.16)
Here, r′s = r
′ − rsc , τ (r) = (x, y,−z) is the reflection of any r = (x, y, z) ∈ R3 according to
xy-plane. Obviously, the reflection τ (r) satisfies
|τ (r)| = |r|, τ (r + r′) = τ (r) + τ (r′), τ (ar) = aτ (r), ∀r, r′ ∈ R3, ∀a ∈ R. (3.17)
Moreover, applying source/target separations (3.16) and the Taylor expansions
eik·τ
a1
``′ (r,r
′) = eik·τ
a1
``′ (r,r
s
c)
∞∑
n=0
[ik · τ(−r′s)]n
n!
, eik·τ
a2
``′ (r,r
′) = eik·τ
a2
``′ (r,r
s
c)
∞∑
n=0
[−ik · r′s]n
n!
,
in (2.4) gives expansions
ua1``′(r, r
′) =
∞∑
n=0
1
8pi2
∫ ∞
−∞
∫ ∞
−∞
kn−1ρ e
ik·τa1
``′ (r,r
s
c)
[ik · τ (−r′s)]n
n!
σa1``′(kρ)dkxdky,
ua2``′(r, r
′) =
∞∑
n=0
1
8pi2
∫ ∞
−∞
∫ ∞
−∞
kn−1ρ e
ik·τa2
``′ (r,r
s
c)
[−ik · r′s]n
n!
σa2``′(kρ)dkxdky,
(3.18)
for a = 1, 2. Here, we have directly exchanged the order of the infinite summations and
improper integrals. Rigorous theoretical proof will be presented in Theorem 4.11.
To derive ME for the general reaction component uab``′(r, r
′), we shall use the following
limit version of the extended Legendre addition theorem (cf. [9]).
Theorem 3.5. Let k0 = (cosα, sinα, i) be a vector with complex entry, θ, ϕ be the azimuthal
angle and polar angles of a unit vector rˆ. Then
(ik0 · rˆ)n
n!
=
n∑
m=−n
Cmn P̂
m
n (cos θ)e
im(α−ϕ), (3.19)
where
Cmn = i
2n−m
√
4pi
(2n+ 1)(n+m)!(n−m)! . (3.20)
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By applying Theorem 3.5 in expansions (3.18) and then using identities
Y mn (pi − θ, ϕ) = (−1)n+mY mn (θ, ϕ), Y mn (θ, pi + ϕ) = (−1)mY mn (θ, ϕ), (3.21)
we obtain MEs
uab``′(r, r
′) =
∞∑
n=0
n∑
m=−n
MabnmFabnm(r, rsc), Mabnm =
1
4pic2n
r′ns Y mn (θ′s, ϕ′s), (3.22)
at source centers rsc . Here, Fabnm(r, rsc) are represented by Sommerfeld-type integrals
Fa1nm(r, rsc) =
(−1)mc2nCmn
2pi
∫ ∞
−∞
∫ ∞
−∞
eik·τ
a1
``′ (r,r
s
c)σ1b``′(kρ)k
n−1
ρ e
imαdkxdky,
Fa2nm(r, rsc) =
(−1)nc2nCmn
2pi
∫ ∞
−∞
∫ ∞
−∞
eikτ
a2
``′ (r,r
s
c)σ2b``′(kρ)k
n−1
ρ e
imαdkxdky.
(3.23)
4. Exponential convergence of the MEs and LEs, shifting and translation
operators
In this section, we prove the exponential convergence of the approximations used in the
FMM for 3-dimensional Laplace equation in layered media. Let P` = {(Q`j , r`j), j =
1, 2, · · · , N`}, ` = 0, 1, · · · , L be L groups of source charges distributed in a multi-layer
medium with L + 1 layers (see Fig. 2). The group of charges in `-th layer is denoted by
P`. The FMM provides a fast algorithm to compute interactions
Φ`(r`i) =Φ
free
` (r`i) +
L−1∑
`′=0
[Φ11``′(r`i) + Φ
21
``′(r`i)] +
L∑
`′=1
[Φ12``′(r`i) + Φ
22
``′(r`i)], (4.1)
where
Φfree` (r`i) :=
N∑`
j=1,j 6=i
Q`j
4pi|r`i − r`j | , Φ
ab
``′(r`i) :=
N`′∑
j=1
Q`′ju
ab
``′(r`i, r`′j), (4.2)
are free space and reaction field components, respectively. Far field approximations are used
for both free space and reaction field components. Below, we first review the well-known the-
oretical results of the FMM for the free space components. It is mostly for the integrity of the
theory and comparison with the convergence results that we will prove for the approximations
of the reaction field components.
4.1. Exponential convergence of ME and LE, shifting and translation operators
for the free space components. Let Φfree`,in(r) and Φ
free
`,out(r) be the free space components
of the potentials induced by all particles inside a given source box Bs centered at r
s
c and all
particles far away from a given target box Bt centered at r
t
c (see. Fig. 4.1), i.e.,
Φfree`,in(r) =
∑
j∈J
Q`j
4pi|r − r`j | , Φ
free
`,out(r) =
∑
j∈K
Q`j
4pi|r − r`j | , (4.3)
where J and K are the sets of indices of particles inside Bs and of particles far away from
Bt, respectively. The FMM for free space components use ME
Φfree`,in(r) =
∞∑
n=0
n∑
m=−n
M innm
Y mn (θs, ϕs)
rn+1s
, (4.4)
at any target points far away from Bs and LE
Φfree`,out(r) =
∞∑
n=0
n∑
m=−n
Loutnmr
n
t Y
m
n (θt, ϕt), (4.5)
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inside Bt, where (rs, θs, φs) and (rt, θt, φt) are spherical coordinates of r − rsc and r − rtc,
respectively. The coefficients are given by
M innm =
c−2n
4pi
∑
j∈J
Q`j(r
s
`j)
nY mn (θ
s
`j , ϕ
s
`j), L
out
nm =
c−2n
4pi
∑
j∈K
Q`j(r
t
`j)
−n−1Y mn (θt`j , ϕ
t
`j), (4.6)
where (rs`j , θ
s
`j , φ
s
`j) and (r
t
`j , θ
t
`j , φ
t
`j) are spherical coordinates of r`j − rsc and r`j − rtc, re-
spectively. These expansions can be obtained by applying expansions (3.9)-(3.10) to the free
space Green’s function involved in the summation (4.2). By using Legendre addition theorem
and estimates (3.4) and (3.5), there holds the following error estimates (cf. [6]).
source box target box
jQ jr
t
cr
s
cr
sB tB
sa t
a
L.E.M.E.M.E.
M.E. M.E.
L.E.
L.E.
L.E.
Figure 4.1. An illustration of the source and target box for the free space
component in the `-th layer.
Theorem 4.6. Denote the radius of the circumscribed sphere of the source box Bs by as.
Then, the ME (4.4) has error estimate∣∣∣Φfree`,in(r)− p∑
n=0
n∑
m=−n
M innm
Y mn (θs, ϕs)
rn+1s
∣∣∣ ≤ 1
4pi
QJ
rs − as
(as
rs
)p+1
, ∀p ≥ 1, (4.7)
for any r outside the circumscribed sphere, i.e., |r − rsc | > as, where
QJ =
∑
j∈J
|Q`j |. (4.8)
Theorem 4.7. Denote the radius of the circumscribed sphere of the target box Bt by at.
Suppose K is the set of indices of all particles (Q`j , r`j) such that |r`j −rtc| > at, then the LE
(4.5) has error estimate∣∣∣Φfree`,out(r)− p∑
n=0
n∑
m=−n
Loutnmr
n
t Y
m
n (θt, ϕt)
∣∣∣ ≤ 1
4pi
QK
at − rt
( rt
at
)p+1
, ∀p ≥ 1, (4.9)
for any r ∈ Bt, where
QK =
∑
j∈K
|Q`j |. (4.10)
Let Bparents be a parent box of the source box Bs and B
child
t be a child box of the target box
Bt in the tree structure. Denote by r˜
s
c and r˜
t
c the centers of B
parent
s and B
child
t , respectively.
In the FMM, the shifting operations from the ME (4.4) at rsc to new ME at r˜
s
c and from the
LE (4.5) at rtc to new LE at r˜
t
c are required. Denote the ME and LE at new centers r˜
s
c and
r˜tc by
Φfree`,in(r) =
∞∑
n=0
n∑
m=−n
M˜ innm
Y mn (θ˜s, ϕ˜s)
r˜n+1s
, Φfree`,out(r) =
∞∑
n=0
n∑
m=−n
L˜outnmr˜
n
t Y
m
n (θ˜t, ϕ˜t). (4.11)
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Recall shifting operators (3.14)-(3.15), we have
M˜ innm =
n∑
ν=0
ν∑
µ=−ν
(−1)|m|−|µ|Am−µn−ν Aµνrn−νss Y µ−mn−ν (θss, ϕss)
c2n−νAmn
M inνµ, (4.12)
L˜outnm =
∞∑
ν=n
ν∑
µ=−ν
(−1)ν−n−|µ−m|+|µ|−|m|c2νAµ−mν−n Amn rν−ntt Y µ−mν−n (θtt, ϕtt)
c2ν−nc2nA
µ
ν
Loutνµ , (4.13)
(r˜s, θ˜s, ϕ˜s), (rss, θss, φss), (r˜t, θ˜t, ϕ˜t) and (rtt, θtt, φtt) are the spherical coordinates of r − r˜sc ,
rsc − r˜sc , r − r˜st and r˜tc − rtc, respectively. According to the ME to ME translation (4.12),
we see that any ME coefficients M˜ innm in the ME at r˜
s
c can be computed exactly by the ME
coefficients {M inνµ}nν=0 in the ME at rsc . Therefore, the ME obtained via shifting operator
(4.12) is actually the the unique ME of Φfree`,in(r) at r˜
s
c (cf. [6]). As in Theorem 4.6, the
following error estimate holds.
Theorem 4.8. Denote the radius of the circumscribed sphere of the source box Bs by as. For
any |r − r˜sc | > as + rss, the first expansion in (4.11) has error estimate∣∣∣Φfree`,in(r)− p∑
n=0
n∑
m=−n
M˜ innm
Y mn (θ˜s, ϕ˜s)
r˜n+1s
∣∣∣ ≤ 1
4pi
QJ
r˜s − (as + rss)
(as + rss
r˜s
)p+1
, (4.14)
where QJ is defined in (4.8).
Although, the LE to LE shifting operator (4.13) has an infinite summation, the shifting
operation remains exact with finite sum when we are shifting a truncated LE to a new center.
In practice, the truncated LE
Φfree`,out(r) ≈ Φ˜free`,out(r) :=
p∑
n=0
n∑
m=−n
Loutnmr
n
t Y
m
n (θt, ϕt), (4.15)
is used in the FMM. It can be seen as an infinite sum with Loutnm = 0 for n > p. Then by
(4.13), we have L˜outnm = 0 for n > p. The shifting LE in (4.11) reduce to finite summation:
Φ˜free`,out(r) =
p∑
n=0
n∑
m=−n
L˜pnmr˜
n
t Y
m
n (θ˜t, ϕ˜t) (4.16)
where
L˜pnm =
p∑
ν=n
ν∑
µ=−ν
(−1)ν−n−|µ−m|+|µ|−|m|c2νAµ−mν−n Amn rν−ntt Y µ−mν−n (θtt, ϕtt)
c2ν−nc2nA
µ
ν
Loutνµ . (4.17)
Therefore, the truncated LE to LE shifting (4.17) used in the FMM implementation is exact.
Suppose target box Bt is far away from the source box Bs. Recall the translation operator
(3.12), the LE expansion coefficient in (4.5) can be calculated from ME coefficients via
Loutnm =
∞∑
|ν|=0
ν∑
µ=−ν
(−1)ν+|m|AµνAmn Y µ−mn+ν (θst, ϕst)
c2νA
µ−m
n+ν r
n+ν+1
st
M inνµ. (4.18)
Again, (4.18) can not be directly used in the FMM due to the infinite summation. In the
FMM, the formulas in (4.18) for local expansion coefficients Loutnm are further truncated which
gives approximated local expansion coefficients
Lpnm =
p∑
|ν|=0
ν∑
µ=−ν
(−1)ν+|m|AµνAmn Y µ−mn+ν (θst, ϕst)
c2νA
µ−m
n+ν r
n+ν+1
st
M inνµ. (4.19)
We find that the detailed proof of the error estimate for the truncated M2L translation has
not been presented in the literature. Therefore, we present a proof as follow:
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Theorem 4.9. Suppose Bs and Bt are well separated cubic boxes and denote the radii of
their circumscribed spheres by as and at. The well separateness of the boxes means that
|rsc − rtc| > as + cat with c > 1. Then∣∣∣Φfree`,out(r)− p∑
n=0
n∑
m=−n
Lpnmr
n
t Y
m
n (θt, ϕt)
∣∣∣ ≤ 1
4pi
QJ
(c− 1)at
( as + at
as + cat
)p+1
,∀r ∈ Bt, (4.20)
where QJ is defined in (4.8).
Proof. By the assumption |rsc − rtc| > as + cat (c > 1), we have |r′− rsc |+ |r− rtc| < |rtc− rsc |
for any r ∈ Bt, r′ ∈ Bs. Then, as in (3.1)-(3.2), we have Taylor expansion
1
4pi|r − r′| =
1
4pi|rt − r′s − (rsc − rtc)|
=
1
4pi
∞∑
n′=0
Pn′(ξ)
|rtc − rsc |
( |rt − r′s|
|rtc − rsc |
)n′
, (4.21)
where
ξ = − (r
′
s − rt) · (rsc − rtc)
|r′s − rt||rsc − rtc|
, r′s = r
′ − rsc , rt = r − rtc. (4.22)
Truncate the expansion (4.21) and denote the approximation by
ψp(r, r′) =
1
4pi
p∑
n′=0
Pn′(ξ)
|rtc − rsc |
( |rt − r′s|
|rtc − rsc |
)n′
. (4.23)
Then, we directly have error estimate∣∣∣ 1
4pi|r − r′| − ψ
p(r, r′)
∣∣∣ ≤ 1
4pi(|rsc − rtc| − |rt − r′s|)
( |rt − r′s|
|rsc − rtc|
)p+1
≤ 1
4pi(c− 1)at
( as + at
as + cat
)p+1
.
(4.24)
Applying identity Pn(−x) = (−1)nPn(x) and Legendre addition theorem in (4.23) gives
ψp(r, r′) =
p∑
n′=0
1
2n′ + 1
(−1)n′
rn
′+1
st
n′∑
m′=−n′
Y m
′
n′ (θst, ϕst)|r′s − rt|n
′
Y m
′
n′ (r̂
′
s − rt), (4.25)
where (rst, θst, ϕst) is the spherical coordinates of r
s
c−rtc. Further, applying addition theorem
(3.4) and then rearranging the resulted summation, we obtain
ψp(r, r′) =
p∑
n′=0
n′∑
m′=−n′
Y m
′
n′ (θst, ϕst)
4pirn
′+1
st
n′∑
n=0
n∑
m=−n
Bnmn′m′(r
′
s)
n′−nY m
′−m
n′−n (θ
′
s, ϕ
′
s)r
n
t Y
m
n (θt, ϕt)
=
p∑
n=0
n∑
m=−n
p∑
n′=n
n′∑
m′=−n′
Y m
′
n′ (θst, ϕst)
4pirn
′+1
st
Bnmn′m′(r
′
s)
n′−nY m
′−m
n′−n (θ
′
s, ϕ
′
s)r
n
t Y
m
n (θt, ϕt)
=
p∑
n=0
n∑
m=−n
[ p∑
ν=0
ν∑
µ=−ν
Y m+µn+ν (θst, ϕst)
4pirn+ν+1st
Bnmn+ν,m+µ(r
′
s)
νY µν (θ
′
s, ϕ
′
s)
]
rnt Y
m
n (θt, ϕt),
where
Bnmn′m′ =
(−1)n′+n−|m|+|m′|−|m′−m|Amn Am
′−m
n′−n
c2nc
2
n′−nA
m′
n′
,
(rt, θt, ϕt) and (r
′
s, θ
′
s, ϕ
′
s), are the spherical coordinates of r − rtc and r′ − rsc , respectively.
Apparently, ψp(r, r′) is a truncated LE at target center rtc with coefficients given by
Lˆpnm =
p∑
ν=0
ν∑
µ=−ν
Y m+µn+ν (θst, ϕst)
4pirn+ν+1st
Bnmn+ν,m+µ(r
′
s)
νY µν (θ
′
s, ϕ
′
s). (4.26)
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By identity Y µν (θ, ϕ) = (−1)µY −µν (θ, ϕ), the coefficients can be re-expressed as
Lˆpnm =
p∑
ν=0
ν∑
µ=−ν
Y m−µn+ν (θst, ϕst)
rn+ν+1st
A˜nmn+ν,m−µ(r
′
s)
ν(−1)µY µν (θ′s, ϕ′s)
=
p∑
ν=0
ν∑
µ=−ν
(−1)ν−|m|Amn A−µν Y µ−mn+ν (θst, ϕst)
c2nA
m−µ
n+ν r
n+ν+1
st
Mµν .
(4.27)
Noting that Amn = A
−m
n , the above coefficients is exactly the truncated M2L coefficients given
in (4.19). As a result, we have
p∑
n=0
n∑
m=−n
Lpnmr
n
t Y
m
n (θt, ϕt) =
∑
j∈J
Q`jψ
p(r, r`j), (4.28)
and the error estimate (4.20) follows by applying (4.24) term by term. 
4.2. Exponential convergence of the ME for reaction components and the con-
ception of equivalent polarization source. The exponential convergence in the Theorem
4.6 is a direct result of the error estimate (3.4). However, it is much more difficult to derive
error estimates for the MEs (3.22) of the reaction components of layered Green’s function.
Here, we first present the main theorem which is the key to prove the exponential convergence
of the MEs, LEs and M2L translation operators in this and the next subsections. For the
smoothness of the presentation, the detailed proof will be postponed to subsection 3.4.
Let us consider the convergence and error estimates of the MEs in (3.22). According to its
derivation in section 3.2, we only need to prove the convergence and error estimates of the
expansions in (3.18). For this purpose, define general integral
I(r;σ) =
∫ ∞
−∞
∫ ∞
−∞
1
kρ
eik·rσ(kρ)dkxdky, ∀r = (x, y, z) ∈ R3, (4.29)
where kρ =
√
k2x + k
2
y, k = (kx, ky, ikρ), σ(kρ) is a given density function. Applying Taylor
expansion gives
I(r + r′;σ) =
∫ ∞
−∞
∫ ∞
−∞
eik·r
∞∑
n=0
1
kρ
(ik · r′)n
n!
σ(kρ)dkxdky,
I(r + r′ + r′′;σ) =
∫ ∞
−∞
∫ ∞
−∞
1
kρ
eik·r
∞∑
n=0
∞∑
ν=0
(ik · r′)n(ik · r′′)ν
n!ν!
σ(kρ)dkxdky,
(4.30)
for any r′ = (x′, y′, z′), r′′ = (x′′, y′′, z′′) in R3. Suppose z > 0, z + z′ > 0, z + z′ +
z′′ > 0, and the density function σ(kρ) is not increasing exponentially as kρ → ∞, then
the integrals in (4.29) and (4.30) are convergent. We first present the conclusion that the
improper integral and the infinite summation in (4.30) can exchange order and the resulted
series have exponential convergence under suitable conditions. Detailed proof will be given in
section 4.5. For the sake of brevity, we denote
In(r, r′;σ) =
∫ ∞
−∞
∫ ∞
−∞
1
kρ
eik·r
(ik · r′)n
n!
σ(kρ)dkxdky,
Inν(r, r′, r′′;σ) =
∫ ∞
−∞
∫ ∞
−∞
1
kρ
eik·r
(ik · r′)n(ik · r′′)ν
n!ν!
σ(kρ)dkxdky.
(4.31)
Theorem 4.10. Suppose the density function σ(kρ) is analytic and has a bound |σ(kρ)| ≤
Mσ in the right half complex plane {kρ : Rekρ > 0}, r = (x, y, z), r′ = (x′, y′, z′), r′′ =
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(x′′, y′′, z′′) ∈ R3 such that z > 0, z + z′ > 0, z + z′ + z′′ > 0 and |r| > |r′|, |r| > |r′|+ |r′′|.
Then, the following expansions
I(r + r′;σ) =
∞∑
n=0
In(r, r′;σ), I(r + r′ + r′′;σ) =
∞∑
n=0
∞∑
ν=0
Inν(r, r′, r′′;σ), (4.32)
hold. Moreover, the truncation error estimates are given by∣∣∣I(r + r′;σ)− p∑
n=0
In(r, r′;σ)
∣∣∣ ≤ 2piMσ|r| − |r′| ∣∣∣r′r ∣∣∣p+1, (4.33)
and∣∣∣I(r + r′ + r′′;σ)− p∑
n=0
p∑
ν=0
Inν(r, r′, r′′;σ)
∣∣∣ ≤ 4piMσ|r| − |r′| − |r′′|
( |r′|+ |r′′|
|r|
)p+1
. (4.34)
Applying the above theorem, we can prove the convergence of the MEs in (3.22).
Theorem 4.11. Given r = (x, y, z) and r′ = (x′, y′, z′) be two points in the `-th and `′-th
layer, i.e., d` < z < d`−1, d`′ < z′ < d`′−1, respectively. Suppose rsc is a source center in the
`′-th layer such that |r′ − rsc | < |τab``′ (r, rsc)|, then the expansions in (3.22) hold and have the
following error estimate∣∣∣uab``′(r, r′)− p∑
n=0
n∑
m=−n
MabnmFabnm(r, rsc)
∣∣∣ ≤ (4pi)−1Mσab``′|τab``′ (r, rsc)| − |r′ − rsc |
( |r′ − rsc |
|τab``′ (r, rsc)|
)p+1
, (4.35)
where Mσab
``′
is the bound of σab``′(kρ) in the right half complex plane.
Proof. As in the analysis presented in the last subsection, it is more convenient to prove the
expansions (3.18). Recalling definition (4.29) and (2.4), we obtain
ua1``′(r, r
′) =
1
8pi2
I(τa1``′(r, rsc)+τ(−r′s);σa1``′), ua2``′(r, r′) =
1
8pi2
I(τa2``′(r, rsc)−r′s;σa2``′). (4.36)
From definition (2.5), we can see that τab``′ (r, r
s
c) always have positive z-coordinates given r
in the `-th layer and rsc in the `
′-th layer. Moreover, Proposition 2.1 shows that the density
function σab``′(kρ) is analytic and bounded in the right half complex plane {kρ : Rekρ > 0}. To-
gether with the assumption |r′−rsc | < |τab``′ (r, rsc)|, theorem 4.10 with density function σab``′(kρ)
and coordinates groups {τ a1``′(r, rsc), τ (−r′s)}, {τ a2``′(r, rsc),−r′s} can be applied. Therefore, we
obtain
ua1``′(r, r
′) =
1
8pi2
∞∑
n=0
In(τa1``′(r, rsc), τ(−r′s);σa1``′),
ua2``′(r, r
′) =
1
8pi2
∞∑
n=0
In(τa2``′(r, rsc),−r′s;σa2``′).
(4.37)
At the mean time, the error estimate (4.35) follows by applying (4.33) in (4.37). 
The convergence results in the above indicates an important fact that the error of the
truncated ME is not determined by the Euclidean distance between source center rsc and
target r as in the free space case (see Theorem 4.6). Actually, the distances along z-direction
have been replaced by summations of the distances between r, rsc and corresponding nearest
interfaces of the layered media.
Nevertheless, there are two special cases, i.e., |τ12``+1(r, rsc)| = |r−rsc | if r and rsc are in the
`-th and (`+ 1)-th layer and |τ21``−1(r, rsc)| = |r− rsc | if r and rsc are in the `-th and (`− 1)-th
layer. Therefore, the MEs of u12``+1(r, r
′) and u21``−1(r, r
′) have the same convergence behavior
as that of free space components.
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Figure 4.2. Location of equivalent polarization sources associated to uab``′ .
On the other hand, the key idea of using hierarchical tree structure in FMM relies on using
the Euclidean distance between source and target to determine either direct calculation or
truncated ME is used for the computation of the interactions. In applying the free space
FMM framework to handle the reaction field components of the layered Green’s function, the
main problem is the MEs given in (3.22) are generally not compatible with the hierarchical
tree structure design. In our previous work [9, 10], we have introduced the conception of
equivalent polarization sources to overcome this problem. The idea was inspired by our
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theoretical analysis for 2-dimensional Helmholtz equation (cf. [12]) and numerical tests for 3-
dimensional Helmholtz/Laplace equations in layered media (cf. [9, 10]). Here, the theoretical
results in (4.35) further verify the necessity of using the equivalent polarization sources.
According to the convergence results for MEs in Theorem 4.11, we introduce equivalent
polarization sources for the four types of reaction fields (see. Fig. 4.2)
r′11 := (x
′, y′, d` − (z′ − d`′)), r′12 := (x′, y′, d` − (d`′−1 − z′)),
r′21 := (x
′, y′, d`−1 + (z′ − d`′)), r′22 := (x′, y′, d`−1 + (d`′−1 − z′)).
(4.38)
With the equivalent polarization sources, we define reaction potentials
u˜1b``′(r, r
′
1b) =
1
8pi2
∫ ∞
−∞
∫ ∞
−∞
1
kρ
eik·(r−r
′
1b)σ1b``′(kρ)dkxdky,
u˜2b``′(r, r
′
2b) =
1
8pi2
∫ ∞
−∞
∫ ∞
−∞
1
kρ
eik·τ (r−r
′
2b)σ2b``′(kρ)dkxdky,
(4.39)
where z′ab denotes the z-coordinate of r
′
ab, i.e.,
z′11 = d` − (z′ − d`′), z′12 = d` − (d`′−1 − z′),
z′21 = d`−1 + (z
′ − d`′), z′22 = d`−1 + (d`′−1 − z′).
(4.40)
Apparently, we can verify that
τ 1b``′ (r, r
′) = r − r′1b, τ 2b``′ (r, r′) = τ (r − r′2b), b = 1, 2. (4.41)
Therefore, the reaction components of layered Green’s function defined in (2.4) is equal to
the introduced reaction potentials associated to equivalent polarization sources, i.e.,
u1b``′(r, r
′) = u˜1b``′(r, r
′
1b), u
2b
``′(r, r
′) = u˜2b``′(r, r
′
2b), b = 1, 2. (4.42)
In the FMM for reaction components (cf. [9]), the expressions (4.39) with equivalent po-
larization sources (4.38) are actually used. MEs, LEs and M2L translations for re-expressed
reaction field components (4.39) are adopted in the FMM and we have verified numerically
that the convergence of the MEs, LEs and M2L translations of (4.39) are determined by the
Euclidean distance between target and equivalent polarization source. In the next two subsec-
tions, we first review the MEs, LEs and M2Ls for the re-expressed reaction field components
(4.39) and then prove that all of them have exponential convergence with rates depends on
the Euclidean distance between targets and equivalent polarization sources.
4.3. MEs, LEs, and M2L translations for reaction filed components using new
expressions with equivalent polarization sources. By the definition (4.29) and the
linear features (3.17) of τ (r), the reaction components in (4.39) can be represented as
u˜1b``′(r, r
′
1b) =
1
8pi2
I(r − r1bc − (r′1b − r1bc );σ1b``′) =
1
8pi2
I(r − rtc + (rtc − r′1b);σ1b``′),
u˜2b``′(r, r
′
1b) =
1
8pi2
I(τ (r − r2bc )− τ (r′2b − r2bc );σ2b``′) =
1
8pi2
I(τ (r − rtc)− τ (rtc − r′2b);σ2b``′),
(4.43)
where rabc = (x
ab
c , y
ab
c , z
ab
c ) and r
t
c = (x
t
c, y
t
c, z
t
c) are given equivalent polarization source and
target centers such that
z1bc < d`, z
2b
c > d`−1, d` < z
t
c < d`−1. (4.44)
These restriction can be met in practice, as we are considering targets in the `-th layer and
the equivalent polarized coordinates are always located either above the interface z = d`−1 or
below the interface z = d`.
By (4.40) and conditions in (4.44), we have
z− z1bc > 0, ztc− z′1b > 0, z2bc − z > 0, z′2b− ztc > 0, z− z′1b > 0, z′2b− z > 0. (4.45)
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Assume the centers rabc and r
t
c satisfy |r − rabc | > |r′ab − rabc |, and |r − rtc| < |rtc − r′ab|, then
(4.45) and Proposition 2.1 implies that theorem 4.10 can be applied to give expansions for
the integrals in (4.43), i.e.,
u˜1b``′(r, r
′
1b) =
1
8pi2
∞∑
n=0
∫ ∞
−∞
∫ ∞
−∞
eik·(r−r
1b
c )
[−ik · (r′1b − r1bc )]n
n!kρ
σ1b``′(kρ)dkxdky,
u˜2b``′(r, r
′
2b) =
1
8pi2
∞∑
n=0
∫ ∞
−∞
∫ ∞
−∞
eik·τ(r−r
2b
c )
[−ik · τ(r′2b − r2bc )]n
n!kρ
σ2b``′(kρ)dkxdky
(4.46)
and
u˜1b``′(r, r
′
1b) =
1
8pi2
∞∑
n=0
∫ ∞
−∞
∫ ∞
−∞
eik·(r
t
c−r′1b) [ik · (r − rtc)]n
n!kρ
σ1b``′(kρ)dkxdky,
u˜2b``′(r, r
′
2b) =
1
8pi2
∞∑
n=0
∫ ∞
−∞
∫ ∞
−∞
eik·τ(r
t
c−r′2b) [ik · τ(r − rtc)]n
n!kρ
σ2b``′(kρ)dkxdky.
(4.47)
Further, applying Proposition 3.5 in expansions (4.46) and using identities (3.21) again to
simplify the obtained results, we obtain MEs
u˜ab``′(r, r
′
ab) =
∞∑
n=0
n∑
m=−n
MabnmF˜abnm(r, rabc ), Mabnm =
c−2n
4pi
(rabc )
nY mn (θ
ab
c , ϕ
ab
c ), (4.48)
at equivalent polarization source centers rabc and LEs
u˜ab``′(r, r
′
ab) =
∞∑
n=0
n∑
m=−n
Labnmr
n
t Y
m
n (θt, ϕt) (4.49)
at target center rtc, respectively. Here, F˜abnm(r, rabc ) are represented by Sommerfeld-type
integrals
F˜1bnm(r, r1bc ) =
(−1)nc2nCmn
2pi
∫ ∞
−∞
∫ ∞
−∞
eik·(r−r
1b
c )σ1b``′(kρ)k
n−1
ρ e
imαdkxdky,
F˜2bnm(r, r2bc ) =
(−1)mc2nCmn
2pi
∫ ∞
−∞
∫ ∞
−∞
eik·τ(r−r
2b
c )σ2b``′(kρ)k
n−1
ρ e
imαdkxdky,
(4.50)
and the local expansion coefficients are given by
L1bnm =
Cmn
8pi2
∫ ∞
−∞
∫ ∞
−∞
eik·(r
t
c−r′1b)σ1b``′(kρ)k
n−1
ρ e
−imαdkxdky,
L2bnm =
(−1)n+mCmn
8pi2
∫ ∞
−∞
∫ ∞
−∞
eik·τ(r
t
c−r′2b)σ2b``′(kρ)k
n−1
ρ e
−imαdkxdky.
(4.51)
Next, we discuss the center shifting and translation operators for ME (4.48) and LE (4.49).
A desirable feature of the expansions of reaction components discussed above is that the
formula (4.48) for the ME coefficients and the formula (4.49) for the LE have exactly the same
form as the formulas of ME coefficients and LE for free space Green’s function. Therefore,
we can see that center shifting for multipole and local expansions are exactly the same as free
space case given in (3.14).
We only need to derive the translation operator from ME (4.48) to LE (4.49). As in (4.43),
the reaction components in (4.39) can be represented as
u˜1b``′(r, r
′
1b) =
1
8pi2
I(r − rtc + (rtc − r1bc )− (r′1b − r1bc );σ1b``′),
u˜2b``′(r, r
′
1b) =
1
8pi2
I(τ (r − rtc) + τ (rtc − r2bc )− τ (r′2b − r2bc );σ2b``′).
(4.52)
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Apparently, from (4.44), we have
ztc − z1bc > 0, z2bc − ztc > 0. (4.53)
Assume the given centers rabc and r
t
c satisfy |rtc − rabc | > |r′ab − rabc | + |r − rtc|, then (4.45),
(4.53) and Proposition 2.1 implies that Theorem 4.10 can be applied to give expansions for
the integrals in (4.52), i.e.,
u˜1b``′(r, r
′
1b) =
1
8pi2
∞∑
n=0
∞∑
ν=0
Inν(rtc − r1bc , r − rtc,−(r′1b − r1bc );σ1b``′),
u˜2b``′(r, r
′
2b) =
1
8pi2
∞∑
n=0
∞∑
ν=0
Inν(τ (rtc − r2bc ), τ (r − rtc),−τ (r′1b − r1bc );σ2b``′).
(4.54)
Applying Proposition 3.5 to the integrand of Inν(r, r′, r′′, σ), we obtain the translation from
ME (4.48) to LE (4.49), i.e.,
Labnm =
∞∑
n′=0
n′∑
|m′|=0
T abnm,n′m′M
ab
n′m′ , (4.55)
where the translation operators are given as follows
T 1bnm,n′m′ =
D1nmn′m′
2pi
∫ ∞
−∞
∫ ∞
−∞
eik·(r
t
c−r1bc )σ1b``′(kρ)k
n+n′−1
ρ e
i(m′−m)αdkxdky,
T 2bnm,n′m′ =
D2nmn′m′
2pi
∫ ∞
−∞
∫ ∞
−∞
eik·τ(r
t
c−r2bc )σ2b``′(kρ)k
n+n′−1
ρ e
i(m′−m)αdkxdky,
(4.56)
where
D1nmn′m′ = (−1)n
′
c2n′C
m
n C
m′
n′ , D
2
nmn′m′ = (−1)n+m+m
′
c2n′C
m
n C
m′
n′ .
4.4. Exponential convergence of MEs, LEs and corresponding translation opera-
tors for reaction components. Let Φab``′,in(r) and Φ
ab
``′,out(r) be general reaction compo-
nents of potentials induced by all equivalent polarizaion sources inside a given source box Babs
centered at rabc and far away from a given target box Bt centered at r
t
c, i.e.,
Φab``′,in(r) =
∑
j∈J
Q`′j u˜
ab
``′(r, r
ab
`′j), Φ
ab
``′,out(r) =
∑
j∈K
Q`′j u˜
ab
``′(r, r
ab
`′j), (4.57)
where J and K are the sets of indices of equivalent polarizaion sources inside Babs and far
away from Bt, respectively. The FMM for the reaction component Φ
ab
``′(r) use ME
Φab``′,in(r) =
∞∑
n=0
n∑
m=−n
Mab,innm F˜abnm(r, rabc ), (4.58)
at any target points far away from Babs and LE
Φab``′,out(r) =
∞∑
n=0
n∑
m=−n
Lab,outnm r
n
t Y
m
n (θt, ϕt), (4.59)
inside Bt, where the coefficients are given by
Mab,innm =
c−2n
4pi
∑
j∈J
Q`′j(r
ab
`′j)
nY mn (θ
ab
`′j , ϕ
ab
`′j),
L1b,outnm =
Cmn
8pi2
∫ ∞
−∞
∫ ∞
−∞
eik·(r
t
c−r1b`′j)σ1b``′(kρ)k
n−1
ρ e
−imαdkxdky,
L2b,outnm =
(−1)n+mCmn
8pi2
∫ ∞
−∞
∫ ∞
−∞
eik·τ(r
t
c−r2b`′j)σ2b``′(kρ)k
n−1
ρ e
−imαdkxdky,
(4.60)
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(rt, θt, φt) and (r
ab
`′j , θ
ab
`′j , φ
ab
`′j) are the spherical coordinates of r − rtc and rab`′j − rabc . These
expansions can be obtained by applying expansions (4.48)-(4.49) to each u˜ab``′(r, r
ab
`′j) involved
in the summations in (4.57).
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Figure 4.3. An illustration of equivalent polarization source and target box
for the reaction components in the `-th layer due to sources in `′-th layer.
Theorem 4.12. Suppose aabs is the radius of the circumscribed sphere of the source box B
ab
s ,
r is a point outside the circumscribed sphere of Babs , i.e., r
ab
s := |r − rabc | > aabs , then ME
(4.58) has error estimate∣∣∣Φab``′,in(r)− p∑
n=0
n∑
m=−n
Mab,innm F˜abnm(r, rabc )
∣∣∣ ≤ 1
4pi
QJMσab
``′
rabs − aabs
(aabs
rabs
)p+1
, (4.61)
where Mσab
``′
is the bound of σab``′(kρ) in the right half complex plane,
QJ =
∑
j∈J
|Q`′j |. (4.62)
Proof. As the MEs (4.48) are obtained by directly applying Proposition 3.5 to the Taylor
expansions (4.46), we have
p∑
n=0
n∑
m=−n
M1b,innm F˜1bnm(r, r1bc ) =
1
8pi2
∑
j∈J
Q`′j
p∑
n=0
In(r − r1bc ,−(r1b`′j − r1bc );σ1b``′),
p∑
n=0
n∑
m=−n
M2b,innm F˜2bnm(r, r2bc ) =
1
8pi2
∑
j∈J
Q`′j
p∑
n=0
In(τ(r − r2bc ),−τ(r2b`′j − r2bc );σ2b``′).
(4.63)
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By conditions in (4.45), we have z − z1bc > 0 and z2bc − z > 0. Together with the assumption
|r − rabc | > aabs ≥ |rab`′j − rabc |, we can apply the truncation error estimates (4.33) to obtain∣∣∣Φ1b``′,in(r)− p∑
n=0
n∑
m=−n
M1b,innm F˜1bnm(r, r1bc )
∣∣∣
≤ 1
8pi2
∑
j∈J
|Q`′j |
∣∣∣I(r, r1b`′j ;σ1b``′)− p∑
n=0
In(r − r1bc ,−(r1b`′j − r1bc );σ1b``′)
∣∣∣,
≤
∑
j∈J
|Q`′j |
(4pi)−1Mσ1b
``′
(|r − r1bc | − |r1b`′j − r1bc |)
∣∣∣r1b`′j − r1bc
r − r1bc
∣∣∣p+1,
and similarly∣∣∣Φ2b``′,in(r)− p∑
n=0
n∑
m=−n
M2b,innm F˜2bnm(r, r2bc )
∣∣∣ ≤∑
j∈J
(4pi)−1|Q`′j |Mσ2b
``′
(|r − r2bc | − |r2b`′j − r2bc |)
∣∣∣r2b`′j − r2bc
r − r2bc
∣∣∣p+1.
Consequently, the error estimate (4.61) follows by applying the above estimates in (4.63) with
the assumption |rab`′j − rabc | ≤ aabs < rabs . 
Following a similar proof, we have the error estimate for the truncated LE as follows:
Theorem 4.13. Suppose at is the radius of the circumscribed sphere of the target box Bt, r
is a point inside Bt, K is the set of indices of all charges (Q`′j , rab`′j) such that |rab`′j−rtc| > at,
then the LE (4.59) has error estimate∣∣∣Φab``′,out(r)− p∑
n=0
n∑
m=−n
Lab,outnm r
n
t Y
m
n (θt, ϕt)
∣∣∣ ≤ 1
4pi
QKMσab
``′
at − rt
( rt
at
)p+1
, (4.64)
where Mσab
``′
is the bound of σab``′(kρ) in the right half complex plane,
QK =
∑
j∈K
|Q`′j |. (4.65)
Now we consider the error estimate for the ME to LE translation. Suppose the target box
Bt is far away from the source box B
ab
s . Recall (4.49), the LE of the potential Φ
ab
``′,in in Bt is
given by
Φab``′,in(r) =
∞∑
n=0
n∑
m=−n
Lab,innm r
n
t Y
m
n (θt, ϕt), ∀r ∈ Bt, (4.66)
while the LE coefficients Lab,innm can be calculated from ME coefficients via the ME to LE
translation operator (4.55) as follows
Lab,innm =
∞∑
ν=0
ν∑
µ=−ν
T abnm,νµM
ab,in
νµ . (4.67)
As in the FMM for free space components, (4.66) is not the approximation used in the
implementation. In fact, the formulas (4.67) for LE coefficients Lab,innm are truncated which
gives approximated LE coefficients
Lab,pnm =
p∑
ν=0
ν∑
µ=−ν
T abnm,νµM
ab,in
νµ . (4.68)
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Thus, approximate LEs
Φab``′,in(r) ≈ Φab,p``′,in(r) :=
p∑
n=0
n∑
m=−n
Lab,pnm r
n
t Y
m
n (θt, ϕt) (4.69)
with approximate LE coefficients defined in (4.68) are obtained after M2L translation. Re-
calling representation (4.52) and expansion (4.54), the approximate LEs Φab,p``′,in(r) have rep-
resentations
Φ1b,p``′,in(r) =
1
8pi2
∑
j∈J
Q`′j
p∑
n=0
p∑
ν=0
Inν(rtc − r1bc , r − rtc,−(r1b`′j − r1bc );σ1b``′),
Φ2b,p``′,in(r) =
1
8pi2
∑
j∈J
Q`′j
p∑
n=0
p∑
ν=0
Inν(τ(rtc − r2bc ), τ (r − rtc),−τ (r2b`′j − r2bc );σ2b``′).
(4.70)
Obviously, they are rectangular truncation of the double Taylor series.
Theorem 4.14. Suppose aabs and at are the radii of the circumscribed spheres of two well
separated boxes Babs and Bt, respectively. The well separateness of the boxes means that
|rtc − rabc | > aabs + cat with some c > 1. Then, the ME to LE translation has error estimate∣∣∣Φab``′,in(r)− Φab,p``′,in(r)∣∣∣ ≤ 12pi QJMσab``′(c− 1)at
( as + at
as + cat
)p+1
,∀r ∈ Bt, (4.71)
where Mσab
``′
is the bound of σab``′(kρ) in the right half complex plane, QJ is defined in (4.62).
Proof. By expression (4.70) and truncation error estimate (4.34), we obtain∣∣Φ1b``′,in(r)− Φ1b,p``′,in(r)∣∣
≤ 1
8pi2
∑
j∈K
|Q`′j |
∣∣∣I(r − r1b`′j ;σ1b``′)− p∑
n=0
p∑
ν=0
Inν(rtc − r1bc , r − rtc,−(r1b`′j − r1bc );σ1b``′)
∣∣∣
≤
∑
j∈K
|Q`′j |Mσ1b
``′
2pi(|rtc − r1bc | − |r − rtc| − |r1b`′j − r1bc |)
(
|r − rtc|+ |r1b`′j − r1bc |
|rtc − r1bc |
)p+1
.
(4.72)
Similar error estimate can also be obtained for the reaction component Φ2b``′,in(r) by following
the same derivations. Consequently, the error estimate (4.71) follows by further applying the
assumptions |rab`′j − rabc | < aabs and |r − rtc| < at and |rtc − rabc | > aabs + cat. 
Remark 4.1. The error estimates in Theorems 4.12-4.14 are almost the same as the ones in
Theorems 4.6, 4.7 and 4.9 except the bound Mσab
``′
of σab``′ .
4.5. Detailed proof for the Theorem 4.10. The proof consists of the following three
steps:
Step 1: Rotation according to the azimuthal angle of r. By the assumptions
z > 0, z + z′ > 0 and z + z′ + z′′ > 0, all improper integrals used in the Theorem 4.10 are
convergent. Denote by (ρ, φ) the polar coordinate of (x, y) and define rotational transform
ξ = kx cosφ + ky sinφ, η = kx sinφ − ky cosφ, i.e., ξ + iη = eiφ(kx − iky). It is obvious that
k2ρ = ξ
2 + η2 and
(ik · r˜)q
q!
=
iq r˜q
q!
(ξ2+η2)
q
2
[ξ cos(φ− β) + η sin(φ− β)√
ξ2 + η2
sinα+i cosα
]q
:= gˆq(ξ, η, φ; r˜), (4.73)
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for any r˜ = (r˜ sinα cosβ, r˜ sinα sinβ, r˜ cosα) ∈ R3. Therefore, (4.30) can be re-expressed as
I(r + r′;σ) =
∫ ∞
−∞
∫ ∞
−∞
∞∑
n=0
gˆn(ξ, η, φ; r
′)eiξρ−ζzσ(ζ)dξdη
=
∫ ∞
0
∫ ∞
−∞
∞∑
n=0
[
gˆn(ξ, η, φ; r
′) + gˆn(ξ,−η, φ; r′)
]
eiξρ−ζzσ(ζ)dξdη,
(4.74)
and
I(r + r′ + r′′;σ) =
∫ ∞
−∞
∫ ∞
−∞
∞∑
n=0
∞∑
ν=0
gnν(ξ, η, φ; r
′, r′′)eiξρ−ζzσ(ζ)dξdη
=
∫ ∞
0
∫ ∞
−∞
∞∑
n=0
∞∑
ν=0
[
gnν(ξ, η, φ; r
′, r′′) + gnν(ξ,−η, φ; r′, r′′)
]
eiξρ−ζzσ(ζ)dξdη,
(4.75)
where
ζ =
√
ξ2 + η2, gnν(ξ, η, φ; r
′, r′′) :=
1
ζ
gˆn(ξ, η, φ; r
′)gˆν(ξ, η, φ; r′′). (4.76)
Define
En(r, r′, σ) =
∫ ∞
0
∫ ∞
−∞
gˆn(ξ, η, φ; r
′)eiξρ−ζzσ(ζ)dξdη,
E˜n(r, r′, σ) =
∫ ∞
0
∫ ∞
−∞
gˆn(ξ,−η, φ; r′)eiξρ−ζzσ(ζ)dξdη,
(4.77)
and
Fnν(r, r′, r′′, σ) =
∫ ∞
0
∫ ∞
−∞
gnν(ξ, η, φ; r
′, r′′)eiξρ−ζzσ(ζ)dξdη,
F˜nν(r, r′, r′′, σ) =
∫ ∞
0
∫ ∞
−∞
gnν(ξ,−η, φ; r′, r′′)eiξρ−ζzσ(ζ)dξdη.
(4.78)
Then, the integrals in (4.31) have representations
In(r + r′;σ) =En(r, r′, σ) + E˜n(r, r′, σ),
Inν(r + r′ + r′′;σ) =Fnν(r, r′, r′′, σ) + F˜nν(r, r′, r′′, σ).
(4.79)
Step 2: Contour deformation. In the following analysis, we will deform the contour
of the inner integral in (4.74)-(4.75). As the integrands involve square root function ζ(ξ) =√
ξ2 + η2, we choose branch as follow
√
z =
√
|z|+ z1
2
+ i sign(z2)
√
|z| − z1
2
, ∀z = z1 + iz2 ∈ C. (4.80)
With this branch, ζ(ξ) =
√
ξ2 + η2 for any fixed η ≥ 0 has branch cut along {iξ : ξ > η} and
{iξ : ξ < η} (the red lines in Fig. 4.5) in the complex ξ-plane and is analytic with respect to
ξ in the complex domain C \ ({iξ : ξ ≥ η} ∪ {iξ : ξ ≤ η}). The contour deformation will be
based on the following lemma:
Lemma 4.2. Denote by Ω+Γ ⊂ C the complex domain between real axis and the contour Γ
defined by the parametric ξ±(t) in (4.82). Let f(ξ) be an analytic function in Ω+Γ and satisfy
|f(ξ)| ≤ C|ξ|m for some integer m and some constant C > 0. Then for any ρ ≥ 0, z > 0 and
η > 0, there holds∫ ∞
−∞
f(ξ)eiξρ−
√
η2+ξ2zdξ = i
∫ ∞
1
[f(ξ+(t))Λ+(t) + f(ξ−(t)Λ−(t)]
e−ηrt√
t2 − 1dt, (4.81)
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where r =
√
ρ2 + z2, and ξ±(t),Λ±(t) are defined by the Cagniard-de Hoop transform
ξ±(t) =
η
r
(
iρt± z
√
t2 − 1), Λ±(t) = η
r
(ρ
√
t2 − 1∓ izt). (4.82)
Proof. Define a hyperbolic integral path Γ = Γ+ ∪ Γ−, where
Γ± = {ξ±(t) : t ≥ 1}.
For any R > 0, let O+R and O
−
R be the parts of the circle {ξ : |ξ| = R} that are bounded by
the real axis and Γ±, respectively (see Fig. 4.5). Denote by ξ(t±R) = Re
iθ±R the intersections
RO

RO


O Re( )
Im( )
i
-i
i
r

Figure 4.4. The Cagniard-de Hoop transform from the real axis to Γ+ ∪ Γ−.
of O±R and Γ
±. Then, 0 < θ+R <
pi
2 ,
pi
2 < θ
−
R < pi and∫
O+R
f(ξ)eiξρ−
√
η2+ξ2zdξ = i
∫ θ+R
0
f(Reiθ)e−Rρ sin θ−Reζ(θ)zei(Rρ cos θ−Imζ(θ)z)Reiθdθ,∫
O−R
f(ξ)eiξρ−
√
η2+ξ2zdξ = i
∫ pi
θ−R
f(Reiθ)e−Rρ sin θ−Reζ(θ)zei(Rρ cos θ−Imζ(θ)z)Reiθdθ,
(4.83)
where ζ(θ) =
√
η2 +R2e2iθ. Choosing the branch according to (4.80) gives a lower bound
Re ζ(θ) =
√√√√√(η2 +R2 cos 2θ)2 +R4 sin2 2θ + η2 +R2 cos 2θ
2
≥ R| cos θ|. (4.84)
Noting that 0 < θ+R <
pi
2 ,
pi
2 < θ
−
R < pi and z > 0, we have
cos θ+R =
z
√
t2R − 1√
ρ2t2R + z
2(t2R − 1)
>
z
r
√
1− 1
t2R
≥
√
3
2
z
r
,
cos θ−R =
−z√t2R − 1√
ρ2t2R + z
2(t2R − 1)
< −z
r
√
1− 1
t2R
≤ −
√
3
2
z
r
,
(4.85)
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for all R such that tR ≥ 2. Thus
Re ζ(θ) ≥ R cos θ+R >
√
3
2
Rz
r
, 0 ≤ θ ≤ θ+R ,
Re ζ(θ) ≥ −R cos θ−R >
√
3
2
Rz
r
, θ−R ≤ θ ≤ pi,
(4.86)
if tR ≥ 2. Applying the above estimates in (4.83) and then using the assumption z > 0, we
obtain ∣∣∣ ∫
O±R
f(ξ)eiξρ−
√
η2+ξ2zdξ
∣∣∣ ≤ CRm+1e−√3z22r R → 0, R→∞. (4.87)
By choosing the branch (4.80), the square root function
√
η2 + ξ2 have branch cut along
{iξ|ξ > η} and {iξ|ξ < −η} (see Fig. 4.5). Therefore, f(ξ)eiξρ−
√
η2+ξ2z is analytic in the
domain Ω+Γ for any fixed η > 0. By Cauchy’s theorem, (4.81) follows from the facts∫ ∞
−∞
f(ξ)eiξρ−
√
η2+ξ2zdξ =
∫
Γ
f(ξ)eiξρ−
√
η2+ξ2zdξ, ∀η > 0, (4.88)
and
dξ±(t)
dt
=
η
r
√
t2 − 1(iρ
√
t2 − 1± zt) = iΛ±(t)√
t2 − 1 . (4.89)

In order to deform the contour of the inner integrals from the real axis to the contour Γ
defined in lemma 4.2, η is not allowed to touch 0. Therefore, we define sequences
Ek(r, r′;σ) =
∫ ∞
1
k
∫ ∞
−∞
∞∑
n=0
gˆn(ξ, η, φ; r
′)eiξρ−ζzσ(ζ)dξdη,
E˜k(r, r′;σ) =
∫ ∞
1
k
∫ ∞
−∞
∞∑
n=0
gˆn(ξ,−η, φ; r′)eiξρ−ζzσ(ζ)dξdη,
(4.90)
and
Fk(r, r′, r′′;σ) =
∫ ∞
1
k
∫ ∞
−∞
∞∑
n=0
∞∑
ν=0
gnν(ξ, η, φ; r
′, r′′)eiξρ−ζzσ(ζ)dξdη,
F˜k(r, r′, r′′;σ) =
∫ ∞
1
k
∫ ∞
−∞
∞∑
n=0
∞∑
ν=0
gnν(ξ,−η, φ; r′, r′′)eiξρ−ζzσ(ζ)dξdη,
(4.91)
for k = 1, 2, · · · . Further, their limit values are denoted by
E(r, r′, σ) := lim
k→∞
Ek(r, r′;σ), F(r, r′, r′′;σ) := lim
k→∞
Fk(r, r′, r′′;σ),
E˜(r, r′;σ) := lim
k→∞
E˜k(r, r′;σ), F˜(r, r′, r′′;σ) := lim
k→∞
F˜k(r, r′, r′′;σ).
(4.92)
Then,
I(r + r′;σ) = E(r, r′, σ) + E˜(r, r′;σ),
I(r + r′ + r′′;σ) = F(r, r′, r′′;σ) + F˜(r, r′, r′′;σ).
(4.93)
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Accordingly, we also define
Ekn(r, r′, σ) =
∫ ∞
1
k
∫ ∞
−∞
gˆn(ξ, η, φ; r
′)eiξρ−ζzσ(ζ)dξdη,
E˜kn(r, r′, σ) =
∫ ∞
1
k
∫ ∞
−∞
gˆn(ξ,−η, φ; r′)eiξρ−ζzσ(ζ)dξdη,
Fknν(r, r′, r′′, σ) =
∫ ∞
1
k
∫ ∞
−∞
gnν(ξ, η, φ; r
′, r′′)eiξρ−ζzσ(ζ)dξdη,
F˜knν(r, r′, r′′, σ) =
∫ ∞
1
k
∫ ∞
−∞
gnν(ξ,−η, φ; r′, r′′)eiξρ−ζzσ(ζ)dξdη,
(4.94)
while the integrals in (4.77)-(4.78) are their limit values, i.e.,
En(r, r′, σ) = lim
k→∞
Ekn(r, r′, σ), Fnν(r, r′, r′′, σ) = lim
k→∞
Fknν(r, r′, r′′, σ),
E˜n(r, r′, σ) = lim
k→∞
E˜kn(r, r′, σ), F˜nν(r, r′, r′′, σ) = lim
k→∞
F˜knν(r, r′, r′′, σ).
(4.95)
Lemma 4.3. Suppose z > 0, and σ(kρ) is analytic and bounded in the right half complex
plane, then
Ekn(r, r′, σ) = i
∫ ∞
1
k
∫ ∞
1
hˆn(t, η, φ; r
′)σ(ζ(t))
e−ηrt√
t2 − 1dtdη
E˜kn(r, r′, σ) = i
∫ ∞
1
k
∫ ∞
1
hˆn(t,−η, φ; r′)σ(ζ(t)) e
−ηrt
√
t2 − 1dtdη,
(4.96)
Fknν(r, r′, r′′, σ) = i
∫ ∞
1
k
∫ ∞
1
hˆnν(t, η, φ; r
′, r′′)σ(ζ(t))
e−ηrt√
t2 − 1dtdη,
F˜knν(r, r′, r′′, σ) = i
∫ ∞
1
k
∫ ∞
1
hˆnν(t,−η, φ; r′, r′′)σ(ζ(t)) e
−ηrt
√
t2 − 1dtdη,
(4.97)
where
hˆn(t, η, φ; r
′) = gˆn(ξ+(t), η, φ; r′)Λ+(t) + gˆn(ξ−(t), η, φ; r′)Λ−(t),
hnν(t, η, φ; r
′, r′′) = gˆnν(ξ+(t), η, φ; r′)Λ+(t) + gˆnν(ξ−(t), η, φ; r′)Λ−(t).
(4.98)
Proof. According to the branch (4.80) we choose for the square root function, given any η > 0,
we have
Re[ζ(ξ)] = Re[
√
ξ2 + η2] > 0, ∀ξ ∈ Ω+Γ . (4.99)
Together with the assumption σ(kρ) is analytic and bounded in the right half complex plane,
we obtain σ(ζ(ξ)) is analytic and bounded in Ω+Γ .
On the other hand, the branch (4.80) implies that gˆq(ξ,±η, φ; r˜) defined in (4.73) only
have branch cut along {iξ : ξ > η} and {iξ : ξ < −η} (see. Fig. 4.5) which has no intersection
with Ω+Γ for any η ≥ 1k > 0. As (4.99) has already shown that
√
ξ2 + η2 6= 0 for any given
η > 0 and ξ ∈ Ω+Γ , we can conclude from the expression (4.73) that gˆq(ξ,±η, φ; r˜) is analytic
and satisfies |gˆq(ξ,±η, φ; r˜)| ≤ C|ξ|q in the domain Ω+Γ . As a result, we can apply lemma 4.2
to change the contour of the inner integrals in (4.90)-(4.91) from real axis to Γ. 
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Lemma 4.4. Suppose z > 0, z + z′ > 0, and σ(kρ) is analytic and bounded in the right half
complex plane, then
Ek(r, r′;σ) = i
∫ ∞
1
k
∫ ∞
1
∞∑
n=0
hˆn(t, η, φ; r
′)σ(ζ(t))
e−ηrt√
t2 − 1dtdη,
E˜k(r, r′;σ) = i
∫ ∞
1
k
∫ ∞
1
∞∑
n=0
hˆn(t,−η, φ; r′)σ(ζ(t)) e
−ηrt
√
t2 − 1dtdη.
(4.100)
Further, if have z + z′ + z′′ > 0, then
Fk(r, r′, r′′;σ) = i
∫ ∞
1
k
∫ ∞
1
∞∑
n=0
∞∑
ν=0
hnν(t, η, φ; r
′, r′′)σ(ζ(t))
e−ηrt√
t2 − 1dtdη,
F˜k(r, r′, r′′;σ) = i
∫ ∞
1
k
∫ ∞
1
∞∑
n=0
∞∑
ν=0
hnν(t,−η, φ; r′, r′′)σ(ζ(t)) e
−ηrt
√
t2 − 1dtdη,
(4.101)
where hˆn(t, η, φ; r
′) and hnν(t, η, φ; r′, r′′) are defined in (4.98).
Proof. As we have proved that σ(ζ(ξ)) is analytic and bounded in Ω+Γ , we will focus on the
analysis for functions
∞∑
n=0
gˆn(ξ,±η, φ; r′),
∞∑
n=0
∞∑
ν=0
gnν(ξ,±η, φ; r′, r′′). (4.102)
Noting that they are resulted from a rotation of the Taylor expansions of exponential functions,
we have
∞∑
n=0
gˆn(ξ,±η, φ; r′) = eiξ(x′ cosφ+y′ sinφ)±iη(x′ sinφ−y′ cosφ)−
√
ξ2+η2z′ . (4.103)
Apparently,
|eiξ(x′ cosφ+y′ sinφ)±iη(x′ sinφ−y′ cosφ)| ≤ 1, ∀ξ ∈ Ω+Γ , η ∈ R, (4.104)
and
∞∑
n=0
gˆn(ξ,±η, φ; r′)eiξρ−ζz = eiξ(x′ cosφ+y′ sinφ)±iη(x′ sinφ−y′ cosφ)eiξρ−ζ(z+z′) (4.105)
Together with the assumptions ρ ≥ 0, z+ z′ > 0 and the fact σ(ζ(ξ)) is analytic and bounded
in the domain Ω+Γ for any η > 0, we can apply lemma 4.2 to (4.90) to obtain (4.100).
The proof for (4.101) can be obtained similarly as gnν(ξ,±η, φ; r′, r′′) are just the product
of gˆn(ξ,±η, φ; r′) and gˆν(ξ,±η, φ; r′′) as defined in (4.76). 
Step 3: Convergence and error estimate. In order to exchange the order of the
improper integrals and infinite summations in (4.100)-(4.101), estimates for the following
integrals
Ek,±n (r, φ, r′;σ) =
∫ ∞
1
k
∫ ∞
1
∣∣∣gˆn(ξ±(t), η, φ; r′)Λ±(t)e−ηrt√
t2 − 1 σ(ζ(t))
∣∣∣dtdη,
E˜k,±n (r, φ, r′;σ) =
∫ ∞
1
k
∫ ∞
1
∣∣∣gˆn(ξ±(t),−η, φ; r′)Λ±(t)e−ηrt√
t2 − 1 σ(ζ(t))
∣∣∣dtdη,
Fk,±nν (r, φ, r′, r′′;σ) =
∫ ∞
1
k
∫ ∞
1
∣∣∣gnν(ξ±(t), η, φ; r′, r′′)Λ±(t)e−ηrt√
t2 − 1 σ(ζ(t))
∣∣∣dtdη,
F˜k,±nν (r, φ, r′, r′′;σ) =
∫ ∞
1
k
∫ ∞
1
∣∣∣gnν(ξ±(t),−η, φ; r′, r′′)Λ±(t)e−ηrt√
t2 − 1 σ(ζ(t))
∣∣∣dtdη,
(4.106)
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are needed for any integer k > 0. Let us first prove estimate for their integrands.
Lemma 4.5. Let ξ±(t) be the contour defined in (4.82), r˜ = (r˜ sinα cosβ, r˜ sinα sinβ, r˜ cosα) ∈
R3 is any given vector. Then,
|gˆq(ξ±(t), η, φ; r˜)| ≤ r˜
q|Λ±(t)|q
q!
( r2t2
r2t2 − ρ2
) q
2
, ∀t > 1,
|gˆq(ξ±(t),−η, φ; r˜)| ≤ r˜
q|Λ±(t)|q
q!
( r2t2
r2t2 − ρ2
) q
2
, ∀t > 1,
(4.107)
hold for any integer q ≥ 0.
Proof. Note that
ξ±(t) cos(φ− β) + η sin(φ− β)√
ξ±(t)2 + η2
=
1
2
[ ξ±(t) + iη√
ξ±(t)2 + η2
e−i(φ−β) +
ξ±(t)− iη√
ξ±(t)2 + η2
ei(φ−β)
]
,
ξ±(t) cos(φ− β)− η sin(φ− β)√
ξ±(t)2 + η2
=
1
2
[ ξ±(t) + iη√
ξ±(t)2 + η2
ei(φ−β) +
ξ±(t)− iη√
ξ±(t)2 + η2
e−i(φ−β)
]
.
From the definitions in (4.82), we have
ξ±(t)2 + η2 = −Λ±(t)2, (4.108)
and ∣∣∣ ξ±(t) + iη√
ξ±(t)2 + η2
∣∣∣ = 1|Λ±(t)| ηr |i(ρt+ r)± z√t2 − 1| =
√
rt+ ρ
rt− ρ ,∣∣∣ ξ±(t)− iη√
ξ±(t)2 + η2
∣∣∣ = 1|Λ±(t)| ηr |i(ρt− r)± z√t2 − 1| =
√
rt− ρ
rt+ ρ
.
Therefore, we have the following concise formulas
ξ±(t) cos(φ− β) + η sin(φ− β)√
ξ±(t)2 + η2
=
(rt+ ρ)ei(γ±−φ+β) + (rt− ρ)e−i(γ±−φ+β)
2(r2t2 − ρ2) ,
ξ±(t) cos(φ− β)− η sin(φ− β)√
ξ±(t)2 + η2
=
(rt+ ρ)ei(γ±+φ−β) + (rt− ρ)e−i(γ±+φ−β)
2(r2t2 − ρ2) ,
(4.109)
where γ± denote the phases of the complex numbers (ξ±(t) + iη)/
√
ξ±(t)2 + η2, i.e.,
ξ±(t) + iη√
ξ±(t)2 + η2
=
√
rt+ ρ
rt− ρe
iγ± ,
ξ±(t)− iη√
ξ±(t)2 + η2
=
√
ξ±(t)2 + η2
ξ±(t) + iη
=
√
rt− ρ
rt+ ρ
e−iγ± . (4.110)
By formulations in (4.109), we calculate that∣∣∣ξ±(t) cos(φ− β) + η sin(φ− β)√
ξ±(t)2 + η2
sinα+ i cosα
∣∣∣2
=
1
r2t2 − ρ2
∣∣∣((rt+ ρ)eiψ± + (rt− ρ)e−iψ±) sinα
2
+ i
√
r2t2 − ρ2 cosα
∣∣∣2
=
1
r2t2 − ρ2
∣∣∣rt cos(ψ±) sinα+ iρ sin(ψ±) sinα+ i√r2t2 − ρ2 cosα∣∣∣2
=
1
r2t2 − ρ2
(
(ρ sinα+
√
r2t2 − ρ2 sinψ± cosα)2 + (r2t2 − ρ2) cos2 ψ±
)
≤ 1
r2t2 − ρ2
(
ρ2 + (r2t2 − ρ2) sin2 ψ± + (r2t2 − ρ2) cos2 ψ±
)
=
r2t2
r2t2 − ρ2 ,
(4.111)
where ψ± = γ± − φ+ β. The inequality is due to the fact
(a sin θ + b cos θ)2 = a2 + b2 − (a cos θ − b sin θ)2 (4.112)
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for any a, b and θ in R. Similarly, the following estimate∣∣∣ξ±(t) cos(φ− β)− η sin(φ− β)√
ξ±(t)2 + η2
sinα+ i cosα
∣∣∣2 ≤ r2t2
r2t2 − ρ2 , (4.113)
can also be obtained. Then, (4.107) follows by applying estimate (4.113) and identity (4.108)
to the definition in (4.73).

Lemma 4.6. Suppose for any r > ρ ≥ 0, the density function σ(ζ(t)) has a uniform bound
|σ(ζ(t))| ≤Mσ along the contour Γ defined in lemma 4.2. Then, the following estimates
Fk,±nν (r, φ, r′, r′′;σ) ≤
piMσ
2
|r′|n|r′′|ν(n+ ν)!
rn+ν+1n!ν!
,
F˜k,±nν (r, φ, r′, r′′;σ) ≤
piMσ
2
|r′|n|r′′|ν(n+ ν)!
rn+ν+1n!ν!
,
(4.114)
and
Ek,±n (r, φ, r′;σ) ≤
piMσ
2
|r′|n
rn+1
, E˜k,±n (r, φ, r′;σ) ≤
piMσ
2
|r′|n
rn+1
. (4.115)
hold for any integers n, ν ≥ 0.
Proof. By (4.76), (4.82), identity (4.108) and estimates in lemma 4.5, we have
∣∣gnν(ξ±(t),±η, φ; r′, r′′)Λ±(t)∣∣ ≤ |r′|n|r′′|ν
n!ν!
(
|Λ±(t)|rt√
r2t2 − ρ2
)n+ν
=
|r′|n|r′′|ν
n!ν!
(ηt)n+ν .
With the above estimates and the bound of σ(ζ(t)), we derive from expressions (4.106) that
Fk,±nν (r, φ, r′, r′′;σ) ≤
Mσ|r′|n|r′′|ν
n!ν!
∫ ∞
1
tn+ν√
t2 − 1
∫ ∞
0
ηn+νe−ηrtdtdη
=
Mσ|r′|n|r′′|ν(n+ ν)!
rn+ν+1n!ν!
∫ ∞
1
1
t
√
t2 − 1dt =
piMσ
2
|r′|n|r′′|ν(n+ ν)!
rn+ν+1n!ν!
,
(4.116)
for any integers n, ν ≥ 0. The other estimates in (4.114) and (4.115) can be proved similarly.

Theorem 4.15. Suppose |r| > |r′| + |r′′|, z > 0, z + z′ + z′′ > 0, and the density function
σ(ζ) is analytic and has a bound |σ(ζ)| ≤Mσ in the right half complex plane. Then,
F(r, r′, r′′;σ) =
∞∑
n=0
∞∑
ν=0
Fnν(r, r′, r′′, σ),
F˜(r, r′, r′′;σ) =
∞∑
n=0
∞∑
ν=0
F˜nν(r, r′, r′′, σ),
(4.117)
where the integrals are defined in (4.92) and (4.95).
Proof. We only present the proof for the first summation in (4.117). Similar analysis can be
done for the second one.
By the estimate (4.114), we have
∞∑
n=0
∞∑
ν=0
Fk,±nν (r, φ, r′, r′′;σ) ≤
piMσ
2
∞∑
n=0
∞∑
ν=0
|r′|n|r′′|ν(n+ ν)!
rn+ν+1n!ν!
=
piMσ
2r
∞∑
n=0
( |r′|+ |r′′|
r
)n
=
piMσ
2(r − |r′| − |r′′|) ,
(4.118)
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for any r > |r′|+ |r′′|. Therefore, we can apply the Fubini theorem to exchange the order of
the improper integrals and infinite summations in (4.101). Together with the expressions in
(4.97), we obtain
Fk(r, r′, r′′;σ) =
∞∑
n=0
∞∑
ν=0
Fknν(r, r′, r′′, σ). (4.119)
Note that (4.118) holds uniformly with respect to parameter k. Therefore, the series in (4.119)
is also uniform convergent with respect to parameter k. Taking limit for k → ∞ in (4.119)
and exchanging order of the limit and summations, we obtain the first equality in (4.117). 
By following the same analysis above, we have similar conclusions for the simpler cases.
Theorem 4.16. Suppose |r| > |r′|, z > 0, z + z′ > 0, and the density function σ(ζ) is
analytic and has a bound |σ(ζ)| ≤Mσ in the right half complex plane. Then,
E(r, r′;σ) =
∞∑
n=0
En(r, r′, σ), E˜(r, r′;σ) =
∞∑
n=0
E˜n(r, r′, σ), (4.120)
where the integrals are defined in (4.92) and (4.95).
Summing up expansions in (4.117) and (4.120), respectively, and recalling identities (4.79)
and (4.93), we complete the proof for (4.32).
Next, let us prove the truncation error estimate (4.34). Another error estimate (4.33) can
be proved similarly. By the definition (4.94), lemma 4.2 and estimates (4.114), we have
|Fnν(r, r′, r′′, σ)| ≤ lim
k→∞
Fk,+nν (|r|, φ, r′, r′′;σ) + lim
k→∞
Fk,−nν (|r|, φ, r′, r′′;σ)
≤ piMσ |r
′|n|r′′|ν(n+ ν)!
|r|n+ν+1n!ν! ,
|F˜nν(r, r′, r′′, σ)| ≤ lim
k→∞
F˜k,+nν (|r|, φ, r′, r′′;σ) + lim
k→∞
F˜k,−nν (|r|, φ, r′, r′′;σ)
≤ piMσ |r
′|n|r′′|ν(n+ ν)!
|r|n+ν+1n!ν! .
(4.121)
Therefore
|Inν(r, r′, r′′;σ)| = |Fnν(r, r′, r′′, σ) + F˜nν(r, r′, r′′, σ)| ≤ 2piMσ |r
′|n|r′′|ν(n+ ν)!
|r|n+ν+1n!ν! , (4.122)
and ∣∣∣I(r, r′, r′′;σ)− p∑
n=0
p∑
ν=0
Inν(r, r′, r′′;σ)
∣∣∣
≤2piMσ
[
p∑
n=0
∞∑
ν=p+1
|r′|n|r′′|ν(n+ ν)!
|r|n+ν+1n!ν! +
∞∑
n=p+1
∞∑
ν=0
|r′|n|r′′|ν(n+ ν)!
|r|n+ν+1n!ν!
]
≤4piMσ|r|
∞∑
n=p+1
( |r′|+ |r′′|
|r|
)n
=
4piMσ
|r| − |r′| − |r′′|
( |r′|+ |r′′|
|r|
)p+1
.
(4.123)
5. Conclusion
In this paper, we have shown that the reaction density functions involved in the Green’s
function of 3-dimensional Laplace equation in multi-layered media are analytic and bounded
in the right half complex plane. Based on this theoretical result, we are able to show that
the ME and LE and M2L, M2M, and L2L translation operators for the Green’s functions of
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a 3-dimensional Laplace equation in layered media have exponential convergence similar to
the classic FMM for free space problem.
The detailed analysis and estimates done here for the 3-D Laplace equation in layered media
will allow us to tackle more challenging tasks in establishing the mathematical foundation
for the FMMs we developed for the 3-D Poisson-Boltzmann and Helmholtz equations, and
moreover, the Maxwell’s equations. As an immediate future work, we will carry out the error
estimate for the FMMs for the 3-dimensional Helmholtz equation in layered media, which will
require new techniques to address the effect of the surface waves (poles of density function
close to the real axis) on the exponential convergence property of the MEs and LEs and M2L
translation operators.
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